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Nomenclature

voefficient of  in stagnation enthalpy profiles (Refs.
7 and 8)

H = stagnation enthalpy

h = H,/H(for Pr = 1, h = 1./T.)

L = characteristic length

M = Mach number

Pr = Prandtl number

8 = H/H,

T = zbsolute temperature

7. = equilibrium wall temperature for zero heat transfer

[ = wariable defined by Hq. (1)

U = wansformed longitudinal velocity component according
to Ilingworth-Stewartson transformation

w, v = wveloeity components in x and y directions, respectively

A = iransformed x variable according to Illingworth-
Stewartson transformation

x, 4 = eoordinates along and normal to wall, respectively

¥ = ratio of specific heats

8; = boundary-layer thickness in (z, ¢) plane

7 = 1/55

A= {8/ D) putt o]/ pes)

m = coeflicient of viscosity

£ = x/L

0 = mass density

7 = shear stress

o = = (pulu/pctl) pusthecd. /)2

Subscripts

1 = walue at local outer edge of boundary layer

o = wvalue at reference point outside of boundary layer

s = value at separation point

w = wvalue at wall

()" = denotes derivalive with respect to ¢

L.

Introduction

REVIEW is given here of investigations on the effect of

heat transfer on laminar separation. Although the
literature on heat transfer is quite appreciable, the present
review is concerned only with those papers that include
specifically either research, numerical examples, or remarks on
separation in steady, two-dimensional laminar boundary layers
with heat transfer. Moreover, only “classical” boundary-
layer theory, in which the local flow at the outer edge of the
boundary layer is considered as preseribed, is considered.
Thus, problems concerned with interaction between the
boundary layer and the external flow are excluded here.
Most of the investigations on separation with heat transfer
pertain to an impermeable wall, but some results for a porous
wall (with air-to-air injection or suction) have also been ob-
tained.

It will be seen that, although the literature pertaining
specifically to separation is perhaps rather small in compari-
son with the total literature on laminar boundary layers with
heat transfer, it is nevertheless substantial. It will also be
seen that appreciable room is left for further research in this
area. It is noteworthy, for example, that a precise deter-
mination of the separation point in supersonic flows appears
to be surprisingly difficult. In fact, for the special case of
zero heat transfer and a linearly diminishing external velocity,
although it is generally agreed that an increase in Mach
number, with the fixed external velocity, moves the separation
point upstream, there would still appear to be no definite
universally accepted “‘exact” values for the location of the
separation point for Mach numbers above zero. This is true,
despite the fairly large number of calculations that have been
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performed for this case. A summary of the various results
that have been obtained for this zero-heat-transfer case is
given in the Appendix. In thisreview the term ‘“‘separation
point” will be defined throughout as the point at the wall
where the skin friction vanishes.

A brief chronological survey to give an over-all view of the
pertinent literature will be presented first, and then a detailed
systematic review of the various results will be given.

II. Brief Chronological Survey

The earliest investigation on laminar separation with heat
transfer according to classical boundary-layer theory appears
to have been made by Gadd! in 1952. He applied a finite-
difference method, using Crocco variables z and w as inde-
pendent variables and shear stress 7 and temperature T’ as
dependent variables. Calculations, however; were carried
out with rather large steps in . Morduchow and Galowin?
_ made a fairly general analysis of the compressible laminar
boundary layer with normal fluid injection, including the
effect of wall temperature and injection on separation. How-
ever, the analysis was based on an application of the Kdrmdn-
Pohlhausen method with fourth degree profiles. Illingworth?
used a series method in conjunction with a type of approxi-
mation made by Lighthill. The analysis was fairly involved,
and some problems of convergence were encountered. Cohen
and Reshotko? and Li and Nagamatsu® obtained the now well-
known similarity solutions in compressible flows with heat
transfer, and included certain results and conclusions per-
tinent to separation. Livingood and Donoughe® have made a
convenient summary of low-speed similarity solutions with
and without fluid injection and with constant or variable wall
temperatures. Again, certain results contained therein are
pertinent to separation. Morduchow and Grape” made an
Investigation of separation of the compressible laminar bound-
ary layer with heat transfer based on an integral method in
conjunction with sixth- and seventh-degree velocity profiles,
and seventh-degree stagnation enthalpy profiles (cf. also Ref.
8). The computations were considerably simplified by using
an approximate solution (essentially the zero-pressure-gradi-
ent solution) of the thermal equation to obtain b, the coef-
ficient in the stagnation enthalpy profile proportional to the
heat transfer at the wall. Morduchow® then extended the
analysis of Ref. 7 to investigate laminar separation over a
sweat-cooled wall taking into account a heat balance between
the injected cooling air and the air in the boundary layer at
the wall. In 1956 Gadd made a concise review of investiga-
tions, to that date, on the effect of heat transfer on laminar
separation. Baxter and Fligge-Lotz'* have included in their
applications of finite-difference methods certain problems
pertinent to separation.with heat transfer. Curle!? applied
Howarth’s transformation for compressible flow, in conjunc-
tion with the assumption that the stagnation enthalpy is a
quadratic function of the velocity u. Using also certain rela-
tions among the parameters that Thwaites had assumed for
incompressible flow, Curle calculated a number of cases of
separation with heat transfer. In 1960 Poots!® considered
the equations of flow in the transformed incompressible plane
(by Stewartson’s transformation) and carried out series solu-
tions (in the manner of Howarth) for certain special cases
corresponding to a heated wall and a wall with no heat trans-
fer. These solutions may apparently be regarded as ‘“‘exact.”
Poots also developed an extension of Tani’s two-parameter
integral method!* to heat transfer. Luxton and Young'
have presented what appears to be a fairly aceurate, though
somewhat involved, method (called their “complete’” method)
for calculating the compressible boundary layer with heat
transfer and pressure gradient. They also show simplifica-
tions of this method; however, for certain problems involving
separation, it appeared that only the “complete” method was
sufficiently accurate. Curle! has modified his method of 1958
to account approximately for a Prandtl number other than
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one and a viscosity law other than a strict proportionality to
temperature. (Reference 16 is concerned especially with inter-
action of a boundary layer and a shock wave in supersonic
flow.) Monaghan!” has developed a method for the com-
pressible laminar boundary layer with heat transfer based on a
combination of the Illingworth-Stewartson transforma-
tion,’1% Cohen and Reshotko’s generalized method,?® and
Thwaites’ method.?* Certain specific calculations involving
separation are included there. To investigate the effect of
heat transfer on laminar separation, Savage,?? like Poots,
working in the transformed incompressible plane, has re-
cently adapted Tani’s method to flows with heat transfer,
but assumes for all pressure gradients a universal normalized
stagnation enthalpy profile, namely, that based on flow over a
flat plate. This latter assumption (which appears to corre-
spond somewhat to the simplifying approximation, previously
referred to, of Morduchow and Grape” in solving the thermal
equation) is justified in Ref. 22 by noting that, if the stagna-
tion enthalpy profiles for separation according to the similar-
ity solutions of Ref. 4 for various wall temperatures are
plotted in a suitably “normalized” form, they all lie close to a
single curve. In the integral method of Ref. 22, the velocity
profiles are assumed as a linear combination of the Blasius
profile and a separation type of profile based on the similarity
solutions. Morduchow and Reyle?® have included in their
recent report calculations indicating the effect of wall cooling
on boundary-layer separation with suction. However, the
same type of approximation as previously indicated? for the
solution of the thermal equation was made. In a recent pub-
lication,?* using an integral type of method in conjunction
with temperature profiles as quadratic functions of the veloc-
ity, Walz includes numerical examples indicating the effect
of wall cooling on separation. Finally, Libby and Fox**
have recently given and applied a multiple-parameter integral
method, using Levy-Lees variables, in which additional equa-
tions are obtained by integrating the momentum and thermal
equations multiplied by powers of the normal distance vari-
able.

III. Some General Qualitative Conclusions

Before discussing specific numerical results that have been
obtained, a number of general qualitative conclusions on
laminar separation with heat transfer which have been es-
tablished will first be reviewed.

Effects of Wall Temperature

The following conclusions on the effects of wall temperature
on laminar skin friction and separation have been reached
(more or less independently) by various investigators through
different types of analyses: 1) cooling of the wall tends to
lessen the direct effect™® of a pressure gradient; 2) cooling of the
wall tends to delay separation; and 3) cooling of the wall tends
to diminish the skin friction in a favorable pressure gradient,
but to increase the skin friction in an adverse pressure gradi-
ent. These conclusions were all reached in Ref. 2 on the
basis of a Kérmdn-Pohlhausen type of analysis with fourth-
degree velocity profiles and were subsequently confirmed by
the use of higher degree profiles.” Moreover, they have also
been reached on the basis of similarity solutions,*?5 through
the use of the Illingworth-Stewartson transformation,® and
by the analyses of Illingworth,®> Luxton and Young,'s and
Low.? Low, by his small-perturbation solutions, also notes
that with sufficient cooling an adverse pressure gradient will
tend to increase, instead of (as ordinarily) decrease, the skin
friction.

Although the reader is referred to the references just cited
for details on the establishment of conclusions 1-3, it may be

* By “direct”’ effect is meant here the influence of the gradient
term Op/dx proportional to dui/dx. The influence of a pressure
gradient, however, appears “indirectly’” also, namely, through
the dependence of u; and T, on z (cf., e.g., Refs. 2 and 7).
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worthwhile to indicate briefly how at least conclusions 1 and 2
might be reached. Perhaps one of the quickest means is to
note that by the Illingworth-Stewartson transforma-
tion 418-20,26 the momentum boundary-layer equation for
compressible flows (with ¢ ~ T, and Pr = 1) is reduced to
the same form as that for incompressible flow, with the new
pressure gradient term multiplied by the function S, where
S = H/H,, and H is the local stagnation enthalpy.t Thus S
varies from 1 at the outer edge of the boundary layer to a
value, at the wall, of &, the ratio of the wall temperature T,
to the equilibrium temperature 7' for zero heat transfer (for
Pr = 1). Cooling the wall (A<1) would thus tend to lower
the magnitude of the pressure gradient term, whereas heating
(h>1) would tend to increase it. Thus conclusion 1 might
be reached, and conclusion 2 would then be more or less ex-
pected as a corollary, since in an adverse pressure gradient
cooling of the wall would tend to have a effect similar to
that of diminishing this gradient. Another way?7 in which
these conclusions have been reached is to note that when the
momentum equation is integrated across the boundary layer
(momentum integral equation) in conjunction with the
Dorodnitsyn-Howarth transformation

e T
y=f0ﬁdt )

the pressure gradient term appears in a form multiplied by a
factor that decreases as the wall is cooled and increases as the
wall is heated. This occurs with or without normal mass
transfer (suction or injection) at the wall. Moreover, the
momentum partial differential equation (with u ~ T) evalu-
ated at the wall yields?

(u/u) nn = (To/Ty) (01/ peo) (Tw/ Th) (w2’ fthes) A —
(To/ TN (u/w),  (2)

Here, again, the pressure gradient term (u:’/u.,) appears in a
form multiplied by the wall temperature. Thus, cooling of
the wall may be expected to tend to diminish the direct effect
of a pressure gradient (with or without mass transfer at the
wall).

Physically, conclusions 1 and 2 are usually explained by the
decreased density of the fluid due to heating (for example)
of the wall, and by the consequent greater susceptibility of
the fluid to a pressure gradient. In this connection, however,
it should also be observed that heating of the wall not only
decreases the inertia terms (proportional to p) in the mo-
mentum equation, but also the viscous term, more specific-
ally the normal gradient of the shear stress. In particular,
if 4 ~ T and the transformation (1) is applied, it is found
that the viscous term 0/dy(u0u/0y) = m(Ti/T)ute = m X
(p/p)us. Thus, the viscous term, being proportional to p,
is similarly decreased by heating, so that all of the terms, other
than the pressure gradient, in the momentum equation are
decreased by heating, and this makes the pressure gradient
relatively larger, or equivalently, the effect of the pressure
gradient tends to be increased by heating. Moreover, it
may be noted that at the wall itself the inertia terms vanish
(for zero mass transfer) and that, hence, at the wall the pres-
sure gradient is balanced only by the viscous term [cf. Eq.

21
Case of a Highly Cooled Wall (T, — 0)

In connection with conclusion 1 of the preceding section it
is of interest to consider the effect of extreme cooling. For
example, in the limit of 7', — 0, would the effect of a pressure
gradient be essentially eliminated? In particular, in an
adverse pressure gradient, would separation then become
impossible? It appears that ¢n general the answer to these
questions must be in the negative. For example, similarity
solutions do exist* for which T, = 0 while the shear at the

T In the literature, the symbol S often denotes [(H/H,) — 1].
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wall is zero. (It should perhaps be noted, however, that in
these solutions the pressure gradient at the leading edge is
infinite). These solutions will be discussed in further detail
in the next chapter. Moreover, although the use of fourth-
degree profiles in connection with the Kérmsn-Pohlhausen
method might lead one to infer that separation is impossible
when 7', = 0 [cf., eg., Eq. (5) of Ref. 2], the use of an addi-
tional boundary condition at the wall leads to expressions
for the coefficient proportional to (du/dy). which indicate
that separation could still occur even if 7, = 0. [Cf,, e.g.,
Eq. (59) in conjunction with Eq. (58) of Ref. 8 or Egs. (14)
or (21) of Ref. 7]. In this connection it may be noted that
the equations developed in Ref. 7 or 8 would imply that
separation is impossible when 7, = 0 ¢f it were true that the
heat transfer must be zero at the separation point.f How-
ever, there is no a priori reason why this should be so, since,
for example, Reynolds’ analogy is no longer valid, in general,
in a pressure gradient. Moreover, a perusal of the similarity
solutions (e.g., of Ref. 4) with heat transfer indicates that the
Nusselt number Nw is generally not zero when the skin-fric-
tion coefficient C; = 0. [This, as also noted in Refs. 12 and
22, indicates a weakness in methods (e.g., Refs. 12 and 24)
that assume the temperature as a simple (everywhere dif-
ferentiable) function of the velocity u. For in that case,
(@T/dy) = 0 where ou/dy = 0, so that Nu would be zero
where C; = 0.] .

One quick means of seeing that, even with 7, = 0 the
direct effect of a pressure gradient is not eliminated, is to
note that after the Illingworth-Stewartson transformation the
pressure gradient in the transformed incompressible plane is
multiplied by a factor S, which, although it does indeed vanish
at the wall when T, = 0, varies, in a direction normal to the
wall, to a value of unity at the outer edge of the boundary
layer. Thus the pressure gradient term in the momentum
partial differential equation vanishes only at the wall, but
(probably) not elsewhere. In this connection it is also of
interest to note that, even if one restricts oneself to values at
the wall, the pressure gradient term will not be entirely
eliminated. Thus, considering for simplicity the case of an
impermeable wall with 4 ~ 7 and Pr = 1, the momentum
partial differential equation evaluated at the wall yields [ef.
Eq. @18

(u/tr) gy = h(ua"/us) ¥ (§) ®3)

where F (§) = —(T/Th) (pi/p=) M1 + [(y — 1)/2]M,2}.
As far as Eq. (3) is concerned, it . would indeed seem that,
if b = 0, then the pressure gradient term is eliminated. How-
ever, by differentiating the momentum partial differential
equation with respect to ¢ and evaluating terms at the wall,
the following additional relation is obtained [Eq. (25) of Ref.
8]:

h(u/u) = (u/uy) nn(H/Hl) 7 4)

If one now substitutes for (u/u1)q, according to Eq. (3) into
Eq. (4), one finds (upon cancelling the 2’s)

(W/s) gy = (Ua’/t) F (§)(H/Hy), ®)

If the pressure gradient were zero, Eqgs. (3) and (5) would
imply
(u/ul)vm =0 (6)
(u/ul)m]ﬂ =0 M

whether 4 is zero or not. However, even with ~ = 0, but
with a pressure gradient, although Eq. (6) would remain,
Eq. (7) would no longer hold, but would have to be replaced

1 In that case, the coefficient b, appearing in Refs. 7 and 8
would vanish at the separation point.

§ It is to be understood in Egs. (3~7) above [as well as in
Eq. (2)] that all derivatives with respect to 5 are to be evaluated
at the wall.
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Fig. 1 The variation of {, = (U~ — w)/u- at separation
with Mach Number and wall temperature for the linear
adverse velocity gradient case (from Ref. 10).

by Eq. (5), where the pressure gradient term remains. T
Thus, even with A = 0, the pressure gradient term is not en-
tirely eliminated.

Finally, it is of interest to note Fig. 1 here,** taken from
Gadd’s paper.’® The top curve gives the value of £ at sepa-
ration for the case u;/u. = 1 — £, as a function of M., when
T, = 0. According to the curve, separation still oceurs in
this case of extreme cooling. An independent calculation
of this case of T, = 0 for various Mach numbers would be of
interest.

Conditions at Separation

Since the series solution of Howarth,? the theoretical
analysis of Goldstein,?? and the machine solution of Leigh,®
it is well known that a singularity at the separation point
(r», = 0) occurs in the exact solution of the boundary-layer
equations for the case of incompressible flow and a linearly
decreasing external velocity. More generally, it appears
that for compressible flows with zero heat transfer a con-
sistent expansion for the stream function ¥ near the separa-
tion point can be made either on the assumption that it is
analytic or that it is no longer analytic there.® In the latter

" case, it is found that, close to the separation point,

7w ~ (X, — X) ®)

where X denotes distance in the transformed incompressible
plane. A very quick means of surmising Eq. (8) would be to
note that, if the momentum partial differential equation of
the incompressible boundary layer over an impermeable wall
is differentiated twice with respect to y, and the terms are
evaluated at the wall, then it is found that at the wall

uy (Qu,/0x) = (1/p)(0* u/0y*) 9)

Thus, #f (Q%/0yY. = 0 at the separation point, i.e., where
(uy)» = 0, then integrating Eq. (9) with respect to 2 near the
separation point (x = z,) leads to Eq. (8). Equation (8) in
conjunction with the continuity equation will be found to
imply that the normal velocity eomponent v at the separation
point will become infinite (except at y = 0):

v~ (z, — )~ V2 (10)

Thus, 1t appears that, if one requires v — <« at the separation
point, then (Q%/0y%. = 0 there, and Eq. (8) must hold.
Landau,® in fact, has started from the requirement of v — «
at separation, and has inferred therefrom Prandtl’s condition

T This, in fact, explains why, as previously noted, the use of
fourth-degree profiles satisfying condition 3 without condition
4 implies that separation would be impossible with 7, = 0,
whereas the use of higher degree profiles satisfying both condi-
tions 3 and 4 no longer implies such an imposgibility.

** In Gadd’s words, this figure is meant to show curves, which
an “exact integration of the boundary-layer equations . . . would
probably give.” They show ‘“the general shape of the curves
with a very rough indication of the numerical values.”
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(u)w = 0 at separation, together with equaticts of the
form (8) and (10). -

In the case of heat transfer at the wall, however, Stewart-
son®:3! has shown that the boundary layer is regular at the
point (X = X,) where 7, = 0 and has inferred that the center
of the singularity in this case is in the interior of the boundary
layer. In particular, the singularity lies upstream of X =
X, if the wall is cooled and presumably downstream of X =
X, if the wall is heated. Stewartson therefore inferred that
actual separation may no longer oceur exactly where 7, = 0
and that if the wall is cooled it may occur earlier. Tt

In connection with the singularity at the separation point,
it is perhaps worthwhile to observe that, in treating the case
of a linearly diminishing external velocity in incompressible
flow by means of a momentum integral method, the satis-
faction by the velocity profiles of a condition at the wall
obtained by differentiating the momentum partial differential
equation twice with respect to normal distance y and taking
values at the point where 7,, = 0 has led to greatly improved
aceuracy in predicting the separation point.??3* However, a
term  [(Ou/0y)-0/0x(du/dY) Ju~7»(07/d2)w, which appears
here, was set equal to zero. According to Eq. (8), such a
term will actually not vanish at the separation point (X =
X,) in an exact solution. In spite of this, good agreement
with exact solutions for a variety of flows has thereby been
obtained for the location of the separation point.?* One pos-
sible explanation of this would appear to be that, in the exact
solutions, the singularity makes itself felt only extremely close
to the separation point, so that the quantity 7. (37/0x). is
actually close to zero fairly near, although not exaetly zero at,
the separation point.

The entire preceding discussion has been based on the
classical boundary-layer assumptions and equations. Al-
though the present review is concerned only with this classi-
cal framework, it may be worthwhile here to discuss briefly
the conditions at the separation point according to physically
more exact analyses.ii First, it is generally agreed that
actual flows will not exhibit any singularities at separation
and that, hence, the preceding implications of the classical
boundary-layer equations indicate that the latter are no
longer valid at separation. According to the Navier-Stokes
equations, it is possible to obtain the nature of solutions
without singularities near the separation point at the wall, %4
The analysis of Oswatitsch? is remarkably simple, and ap-
pears worthwhile to review here. Asswming that the veloe-
ity components u and » can be expressed in a Taylor series
about the separation point (x = y = 0) at the wall and noting
that all  derivatives of u vanish at the wall, whereas for an
impermeable wall the continuity equation implies v = v, =
vy, = 0 at the wall,

U= WY b Uy Y+ 12wy (11)
v=1/2v,y*+ . .. (12)

where all derivatives are evaluated atx = y = 0. Moreover,
at the wall (y = 0) the continuity equation implies

Vyy = Uy — {0/ P)Uy (13)
Hence, the streamlines will be given by

_1_ [ury + (P.r/yp) ull] Y

dy _v_ _
2uy+ uxux"{‘ %wa

dv  u

(14)

From Eq. (14) it is seen that, in order that a separation
streamline (i.e., a streamline other than y = 0) occur at z =
y = 0, it is necessary that w, = 0. Thus Prandtl’s condition

7 In the succeeding (as well as in the preceding} section
here, however, the ‘“separation point” is to be understood to
mean the point at the wall where 7,, = 0.

1 The author is indebted to Lester Lees for his valuable dis-
cussions on this matter in a private communication.
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is derived. Since the shear stress at the wall will be 7 =
uiy, whereas the Navier-Stokes equation in the z direction
will imply p. = puy, at the separation point at the wall, the
streamlines near separation (both in the upstream and
downstream regions) will then be given by -

dy/dx = —[r.y/2r.x + p.y)] (15)

Setting y = a tand, where 8 is the angle that the separation
streamline makes with the wall, Eq. (15) yields

tanfd = —3(07/0x)/p. (16)

From the Navier-Stokes equation in the y direction, it will be
found that at the separation point the normal pressure gradi-
ent will be

Py = MUy = —OT/OQ« = % (mne)m (17>

Finally, Eq. (15) implies that the locus, near the separation
point, of points where the streamlines will have vertical
slopes (in the reverse-flow region), i.e., where u = 0, will be

y = —2(r./p.)z = % (tanb)z (18)

It is important to observe that this analysis holds quite gener-
ally for compressible steady two-dimensional flows over an
impermeable wall with or without heat transfer.§§

The preceding analysis, however, is still not quite com-
plete, since (37/0z) and p, remain undetermined there.
In classical boundary-layer theory, p, is determined by being
prescribed, whereas O7/0z is determined by solutions up-
stream of the separation point. For the case u;/u, = 1 — §,
this yields, according to Eq. (8), 0r/0x — — « [thus really
contradicting the assumptions governing Eqgs. (11) and (12)].
Another important class of problems in which such quanti-
ties are determined is that in which the boundary layer inter-
acts with the external flow, for example laminar separation
in a supersonic stream induced by a disturbance downstream,
such as a shock wave. References 48 and 49 are quite recent
examples of theoretical analyses of such problems. The
boundary-layer approximations are still used there, but the
external flow is no longer considered as rigidly prescribed, but
as determined through its interaction with the boundary
layer near separation. For classical boundary-layer theory in
which p. (positive) is fixed, it may be noted that if dr/0x —
— o at separation, then Eq. (16) implies that the separation
streamline will be vertical. This verifies formally the bound-
ary-layer result for the case wi/u. = 1 — §, in which v &> =
at separation. In this case, as can be expected from Eq. (8),
it 1s impossible to obtain solutions of the boundary-layer
equations across the separation point.2® However, regular
solutions across and beyond the separation point are obtained
in the interaction analyses of Refs. 48 and 49. One simple
necessary test of whether the boundary-layer approximations
in the interaction problems might remain approximately valid
is to check whether Eqgs. (16-18) are approximately verified
and whether tanf is now small so that v is, in some adequate
sense, “‘small,” and p, is negligible. Reference 49, for ex-
ample, has to some extent considered this explicitly. Equa-
tion (18) was approximately verified, and |3(d+/0x)/p.!
was of order 0.13. Further investigation is probably neces-
sary to establish definitely whether, or to what degree, the
boundary-tayer approximations are valid in these inter-
action problems.

It is, finally, of interest to note that, for incompressible
flow, Meksyn®—2 found that, according to his asymptotic
approximate method of solving the boundary-layer equa-
tions, a regular solution near the separation point (including
the downstream region) could be obtained only if d?u;/dz? > 0
near separation. Meksyn emphasized that the ‘“‘external”
flow near separation must in actual cases be modified by the

8§ Oswatitsch also analyzes separation conditions in three-
dimensional flows.

EFFECT OF HEAT TRANSFER ON LAMINAR SEPARATION 1381

boundary layer in such a way that the actual flow will pass
smoothly through the separation point. 9

1V. Specific Numerical Solutions

The various numerical solutions that have been obtained
relevant to the effect of heat transfer on laminar separation
will now be reviewed. Among other solutions, these in- -
clude similarity solutions and those for a linearly retarded
external velocity. The case of a permeable wall and the effect
of Prandtl Number and viscosity-temperature relation will
also be briefly discussed.

Similarity Solutions

By far, most of the solutions on the compressible laminar
boundary layer with heat transfer which may be considered
as exact are the similarity solutions?— in which U; ~ X™
and adverse pressure gradients are represented by negative
values of m.

In connection with the effect of heat transfer on separation,
the results of the similar solutions of primary interest here
are probably the values of m, as a function of wall tempera~
ture, required for a zero-skin-friction boundary layer. These
are shown in Table 1. It is noted that, as the wall is cooled,
a larger negative m, corresponding to a larger adverse pres-
sure gradient, is required for separation.* This may be
considered to illustrate the tendency of cooling to delay or
prevent separation. The entry for T,/T. = 0 illustrates the
possibility of separation in such a case.

Solutions for the Case w,/u, = 1 — &

This case may almost be regarded as the prototype of an ad-
verse pressure gradient. It has probably been the most fre-
quently studied case of an adverse pressure gradient. The
various results for zero heat transfer in this case have been
summarized in the Appendix. For the cases of heat transfer,
interest may be focused here on the separation point £, as a
function of wall-temperature ratio and Mach number M.

Table 1 Similarity solutions (U; ~ X™)

Values of

Ty m for

To 70 = 0 Refs.
2 —0.06 4,6
1 —0.094 6
0.6 —0.109 4
0.5 —0.1178 6
0.25 —0.1351 6
0.2 —0.134 4
0 —0).1400 4

197 Meksyn's actual condition for regular flow at separation,
based on his approximate asymptotic method and on his study
of the flow over an elliptic eylinder using the external velocity
distribution as actually measured by Schubauer, was that the
parameter A «) have a maximum, with separation occurring
downstream of that maximum: .

x
a = f Ui df(?]
0

=_2<2‘ duy
— /) da

This condition will imply w,"(x) > 0 near separation. It might
also be mentioned that, by his method, Meksyn actually had
difficulty reaching the separation point from the upstream re-
gion but found it easier to approach it from the downstream re-
gion. Of course, the boundary-layer equations alone would be
insufficient to determine w:(x) near or beyond separation, since
additional matching conditions between the external flow and
the boundary layer would be needed (cf., e.g., Refs. 48 and 49).

* A compatison between the entries for 7,/T, = 0.20 and
0.25 slightly contradicts this trend, but this may be due to the
use of Pr = 1in Ref. 4 and Pr = 0.7 in Ref. 6.
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A number of investigators, by a variety of methods, have
considered this problem, and the results are summarized in
Table 2.

In addition to Table 2, attention is also called to the
sketched curves of £ vs M, for the extreme cooling case T, =
0 in Ref. 10 (Fig. 1 herein) and to the fact that, in general,
the curves of & vs M., for a fixed wall-to- freestream tempera-
ture ratio T.,/T. will have different shapes from those for a
fixed wall-to-equilibrium temperature 7.,/T. (Fig. 1 herein,
also Ref. 7, p. 17).

By reading a given column, for a given M, downward in
Table 2, it is seen that all theories agree that, for a given
Mach number, lowering the wall temperature moves the
separation point downstream (cf. also Fig. 1 herein). As
previously indicated, an independent calculation for the case
of Tw = 0, or low T./T., would be definitely worthwhile.
It may be remarked that the curve for 7,/T. = 2 of Gadd
(Fig. 1 herein) is quite similar, even quantitatively, to that of
Morduchow and Grape (Fig. 6 in Ref. 7). There appears to
be on the whole good agreement among all investigators for
the low-speed case M., = 0. Finally, it may be remarked that
Ilingworth? inferred that £ should depend primarily on T/
T., and be almost independent of M., but this is apparently
contradicted by the curves in both Refs. 7 and 10 [cf. Fig. 1
herein].

Solutions for Other Cases

In addition to the similarity solutions and the various
solutions for the case u;/u., = 1 — £, there have been a few
other cases for which the effect of heat transfer on laminar
separation has been calculated. Poots'® considered the case
U/U. =1 — % X, where U and X are, respectively, the
longitudinal velocity component and the distance variable
in the incompressible plane according to the Stewartson trans-
formation. He calculated the case of zero heat transfer
(Tw/T. = 1) and of a heated wall (T,/T, = 2). The results
for various Mach numbers showed an upstream movement
of the separation point when the wall was heated. Mor-
duchow and Grape” have considered the case in which a
stagnation flow is followed by an adverse pressure gradient
and have calculated the adverse pressure gradient required
for “immediate’” separation, as a function of the wall tem-
perature. By means of the analysis of Morduchow and
Grape, Gadd! gives a corresponding result if the initial
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region is one of zero pressure gradient, instead of a stagnation
flow. Baxter and Fliigge-Lotz!! have calculated somewhat
similar cases, in which a zero pressure gradient is followed by
either a step pressure gradient or a ramp pressure gradient,
and found in each case that separation would occur sooner
with a hotter wall. Curle'? and Luxton and Young'® have
considered the case of a linear pressure rise, 1.e., a constant
adverse pressure gradient, namely p = p.(1 + £. For the
case M., = 2 and T,/T. = 1 (cooled wall); Curle obtained
separation at £ = 1.32, Luxton and Young found & = 1.04,
and the Mathematics Division of the National Physical
Laboratory obtained & = 1.25 £ 109%. Walz?* has calcu-
lated the case wi/u, = &5 + &/(1 4+ £? and found that
separation is delayed by cooling. (Actually C, was found to
come very close to zero at a fairly early station when the wall
was cooled, but then C; increased.) Walz also considered the
case of u/u. = 1 + esin(2wp§), which had been previously
considered by Dryden and others in connection with the
onset of turbulence. Walz shows that the minimum value of
e required to lead to separation is appreciably increased by
wall cooling. Fannelop and Fliigge-Lotz** have quite re-
cently caleulated the boundary layer over a flat-plate lead-
ing-edge section followed by a semi-infinite wavy wall and
found that separation occurred earlier for a heated wall than
for an adiabatic wall, whereas cooling considerably delayed
separation.

Permeable Wall

In spite of the substantial literature on the boundary layer
over a porous wall (suction or injection), the only work on
porous walls with heat transfer concerned specifically with
laminar separation seems to have been by Morduchow and
co-workers.2-%2%  Normal fluid injection tends to promote
separation (as shown, e.g., in Ref. 2), whereas cooling of the
wall, per se, tends to delay separation. The simultaneous
effect of injection and wall cooling is considered in Ref. 2,
which is based on fourth-degree profiles, and in Ref. 9, which
is based on seventh-degree velocity profiles. In Ref. 9, a
heat-balance equation was taken into account, so that the
injection mass-flow was related to the wall temperature and
the coolant temperature T,. As an example, a plot of the
separation point as a function of T,/T, and T./T. for the
case u/u, = 1 — £ and various Mach numbers showed that
the net effect of the simultaneous injection and wall cooling

Table 2 Calculated separation points for the case v /ue = 1 — §

Value of & according to several authors

Morduchow Luxton Math. Div.  Libby
Ty and 7 and Natl. and
M., T., Gadd! Illingworth? Grape”  Gadd® Curle? Young® Poots'® Monaghan” Savage?? Phys. Lab. Fox**
0 2 0.067 0.073 0.072 0.071 0.075 0.075
1.295 0.093 0.106
0.8 0.128 0.135
0.6 0.152 0.16
0.5 0.168 0.195
0.3 0.190 0.195
0.238 0.223
1 2 0.077 0.077
1 0.128
0.96 " 0.118
(10)v2 2.4 0.0729
2 0.105 0.10
1.5 0.124¢
1 0.117 0.185
4 2 0.123 0.118
1 0.25 0.173 0.21 0.311 0.177 0.175¢ 0.227 0.1065
0.224 (£10%)

<« From Fig. 9 of Ref. 23.

b Calculated separately.

¢ Based on taking masep = 0.034.
4 Based on taking msp = 0.042.
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Table 3 Calculated separation points § = & for u;/ue = 1 — £ with zero heat transfer
M.,
0 1 3 3.16 4 6 10
Stewartson!? 0.120 0.110 0.077 0.062 0.044 0.024
Morduchow and Clarke3? 0.122 0.113 0.077 0.062 0.042 0.023
Thwaites-Stewartson® 0.120 0.111 0.060 0.043 0.023
Wrage®” 0.125 0.112 0.072 0.056 0.037 0.021
Curle!? 0.067
Tanilt T, = 72°R 0.120 0.111 0.081 0.066 0.048
T. = 648°R 0.120 0.112 0.085 0.072 0.057
Luxton and Young?® 0.064
Gadd™ (see Fig. 1 herein) 0.120 0.106 0.073 0.062 0.046 0.023
Math. Div., Natl. Phys. Lab.1? 0.045
(£10%)
Gadd? 0.114 0.049
Tlingworth? 0.111 0.101 0.0602 0.0142
Loftin and Wilson# 0.102 0.028 0.014 0.007
Howarth?? 0.156 0.148 0.107 0.052
Young?® 0.165 0.148 0.081 0.013
Libby and Fox*4 0.120 0.055 0.007
was to move the separation point upstream. In Ref. 23 on leads to an earlier separation point, whereas the assumption

the boundary layer with suction, calculations were included
to indicate the effect of wall cooling on the separation point
for the case ui/u, = 1 — £ with suction. The same type of
approximation for the heat-transfer coefficient b;(£) in the
stagnation enthalpy was made here (and in Ref. 9) as in Ref.
7. In connection with heat transfer, another problem of
interest here would be to determine, as a function of wall
temperature, the minimum (“critical’’) value of the suction
parameter ¢ required to entirely avoid separation in the case
U /U = 1 — £ This has actually been carried out in Ref. 23
for M., = 0, but because of the important role played by the b,
terms in the case of heat transfer in this particular problem,
the results must at present be regarded as quite tentative.
One very sinple conclusion that can be stated in connection
with the effect of wall cooling on separation with suction is
that, since cooling of the wall leads to an increased density p.
of the fluid there, the suction parameter ¢ will thereby be in-
creased; hence, the effect of a given suction velocity v, will
be increased, and separation will be delayed by virtue of this
effect alone. In fact, with sufficient cooling, the suction
parameter could thereby be made sufficiently large to en-
tirely prevent separation (cf. Ref. 23).

Effect of Prandtl Number and Viscosity-Temperature
Relation

Virtually all of the specific results included here have been
based on a Prandtl number Pr of 1 and a viscosity coefficient
proportional to the absolute temperature. For air, of course,
these assumptions are not quite valid (e.g., Pr =~ 0.72), al-
though they have usually been found to give very useful ap-
proximations.  Prandtl number and viscosity-relation effects
have been considered in a variety of investigations, but the
concern here is specifically with such effects on laminar sepa-
ration. In this connection, Refs. 1, 15, 16, and 35 may be
cited. The effects of Prandtl number and of viscosity-tem-
perature relation on laminar separation have usually been
regarded as comparatively small. For example, in his an-
alysis for the case of zero heat transfer Gaddss concludes that,
for Mach numbers up to 10, the use of Pr = 1 and u ~ T for
air introduces ‘“no serious errors . . . into the caleulation of the
laminar separation point.” Tt may be noted that, if one
uses the Chapman-Rubesin type of modification of g ~ T,
namely, u = CT, where C is chosen to satisfy, e.g., the Suther-
land relation at the wall, then it is found? that, when the
wall temperature is uniform so that C will be a constant, the
value of C will not affect the position of laminar separation.
In general, in spite of some quantitative differences, all analy-
ses agree that the assumption Pr = 1 instead of Pr = 0.7

of u ~ T instead of 4 ~ T%, where w<1,also leads to an earlier
separation. Moreover, these effects increase with Mach
number. For example, for the case u;/u. = 1 — & and zero
heat transfer, Gadd?® finds that, for w = 1 and Pr near 1,

(Ex - 531)/531 = k(l - PT) (19) |

where £, is the value of & for Pr = 1, and k£ =~ 0.27 when
My =~ 4, whereas & = 0.9 when M., = 10. Gadd estimates
that by Young’s method the values of k£ would be 0.28 and
0.41, respectively. Moreover, with Pr = 1 but w different
from 1, Gadd finds

¢ — Eal)/ésl =kl - w (20)

where &’ = 0.18 when M, = 4, and &k’ = 0.53 when M., = 10.
For the case u;/u. = 1 — £ and M, = 4 with zero heat trans-
fer, Luxton and Young have, more recently, found £ = 0.078
when o = 0.89 and Pr = 0.725, in comparison with &, =
0.064 when w = Pr = 1 (cf. Fig. 12 of Ref. 15). For heat
transfer, Curle's has concluded that the effect of Prandtl
number increases as the wall is cooled. For u;/u. = 1 — §,
M. = 4, and Tw/T.. = 1 ( cooled wall), Curle finds that a
change of Pr from 1 to 0.73 moves the separation point down-
stream by about 7.

Appendix

In view of the many independent calculations that have
been carried out to determine the effect of Mach number
on the laminar separation point in the case u/u. = 1 — £
with zero heat transfer, it appears worthwhile to briefly sum-
marize these results. The results of the various investiga-
tions for the separation point £ = £, are shown in Table 3.

In Table 3, all entries are for Pr = 1 and u ~ T, with the
exception of Tani, who used Pr = 0.72 and the Sutherland
viscosity-temperature relation. In connection with Tani's
results, reference may be made, for example, to Eqgs. (19)
and (20), according to which Tani’s results corrected for Pr =
1 and u ~ T would have to be moved somewhat upstream.f

In connection with Table 3 it should perhaps first be noted
that the value of &, namely, & = 0.120, for M, = 0 is now
generally accepted as exact. At nonzero Mach numbers,
however, there do not at present appear to be any values that
have been universally accepted as exact. The value of &
at M., = 4 obtained by the Mathematics Division of the
National Physical Laboratory (NPL) (namely, 0.045 =

1 For the case of Pr = 1 and u ~ T, calculations by Tani’s
method have just been completed by James Bentson with the
following results: & = 0.109,0.061,0.043, and 0.024 for M~ = 1,
4,6, and 10, respectively.
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109%) has been based on a numerical solution of the original
partial differential equations and was reported by Curle!?
in 1958. However, in view of the fact that no further details
on the method of solution were given, and that the result dis-
agrees with most values that have been obtained by other
methods (cf. especially the first eight entries in the table
which seem to be in essential agreement with one another),
the NPL value must at present be regarded as in doubt.

Despite the fairly large scatter, for any given Mach num-
ber, in the value of £ shown in the table, there are a number
of items of agreement there. In particular, all theories
agree that an increase in Mach number moves the separation
point upstream. Moreover, the results in the first eight refer-
ences appear to be in essential quantitative agreement at all
Mach numbers.

A brief summary of the methods used by the various in-
vestigators may be worthwhile. Stewartson’s values are
based on an application of his transformation in conjunction
with the approximate polygonal method of Howarth.?® The
Morduchow-Clarke values were obtained by a momentum
integral method in conjunction with seventh-degree velocity
profiles satisfying additional conditions at the wall not satis-
fied by the fourth-degree profiles in the usual Kdrmédn-Pohl-
hausen method. The values obtained by Gadd?® in 1953 and
by Curle!? are essentially the result of an application of Stew-
artson’s transformation to the method of Thwaites?* originally
developed for incompressible flow. As previously indicated,
Tani’s values are based on the use of a two-parameter integral
method. Wrage obtained his values by extending the series
method of Gortler® to compressible flows. Luxton and Young
have modified Young’s early method? for greater accuracy,
to yield their “complete” method, with the results shown in
row 7. The earliest values appear to have been Howarth’s,®
based on the Kdrmin-Pohlhausen method with the usual
type of fourth-degree profiles. Loftin and Wilson’s results
are based upon an application of Stewartson’s transforma-
tion to a comparatively early method of Von Doenhoff.*
Illingworth’s values are based on a series method, which ap-
peared to become particularly less reliable at high Mach
numbers because of inadequate convergence. Finally, Libby
and Fox’s values are based on a two-parameter momentum,
and moment of momentum, integral in conjunction with Lees-
Levy variables and the use of a high-speed computer.

In addition to the entries listed in Table 3, it appeared
worthwhile to determine the implications of - Stewartson’s
transformation applied to the Stratford-Curle-Skan criter-
ion,*? which for incompressible flow has yielded very good
results for a variety of cases. This eriterion, for incompres-
sible flow, states that separation occurs at that value of £ for
which

C,lEdC,/dE))* = 0.0104 (AD)
where C, 1s the pressure coefficient, given by
Cp =1 — (w/u.)? (A2)
For compressible flow with zero heat transfer, Pr = 1 and
u ~ T, the lingworth-Stewartson transformation applied
to Bqs. (Al) and (A2) yields
CLIEdC,/dB)]: = 0.0104 (A3)
where ’

C, =1— (U/u.)* Uy = (Ty/T.) (A4)

- ¢/ T\Grv—1/20=1) }
E- ] (7> dt (45)

Moreover,

TyT. =1+ [(v = D2IM2[1 — (w*/u.”)] (A0)
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Equation (A3) in conjunction with Eqs. (A4-A6) is found to
become

w2 w N2 g’ \2 g/ T,\B7—D/2(v—1 2
(=) GO ]
<T1>—[2(47—3)/(7—1)] B 0.00260

T, {4 [(y = D/2] M2

(A7)

For uy/u, = 1 — £and v = 1.4, solutions of Eq. (A7) for £
for various Mach numbers yield £ = 0.121,0.114, and 0.089 for
M, = 0,1, and 3, respectively. For M. > 4, no (physical)
roots of Eq. (A7) are obtainable.i Thus it appears that the
criterion (Al) can be extended reliably to compressible flows
with zero heat transfer by the lllingworth-Stewartson trans-
formation only for low Mach numbers (M. < 1).
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